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• Korea University Data Mining & Quality Analytics Lab

• Ph. D Student (2020.03 ~ Present)

• Interface Between Machine learning and Optimization
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Today

Stochastic Gradient Descent

Training
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Today

Adam Lookahead

Stochastic Gradient Descent
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Keyword

Optimizer

Gradient

Stochastic Momentum

Adaptive
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Optimizer

Data Task
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Optimizer

Data

W : Parameter

Loss

Penalty for failing to 

achieve a desired value
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Optimizer

𝐿𝑜𝑠s1

𝐿𝑜𝑠s2

𝐿𝑜𝑠s3

W1 W2 W3

Loss↓= Performance↑

Loss

W
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Optimizer

Loss↓= Performance↑

Loss

W
Best
Loss

Best Parameter
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Optimizer

• minimize
W

Loss

• find argmin
W

Loss

• Training

• Who ? :Optimizer
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Optimizer

Loss

W

: current

: best

W𝑏𝑒𝑠𝑡
W𝑐𝑢𝑟𝑟𝑒𝑛𝑡
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W𝑐𝑢𝑟𝑟𝑒𝑛𝑡

Gradient

Loss

W
W𝑏𝑒𝑠𝑡

?

: Unknown

: Known
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Gradient

?

Brook Taylor

: Unknown

: Known
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!

Gradient

Brook Taylor

: Unknown

: Known

Quadratic approximation
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Gradient
: Unknown

: Known

Gradient Descent

경사 하강법
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L(Wc) + ∇LT(W −Wc) +
1

2𝑡c
W−Wc

2

Gradient
: Unknown

: Known

Quadratic approximation

Gradient
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L(Wc) + ∇LT(W −Wc) +
1

2𝑡c
W−Wc

2

Gradient

𝑊c+1 Wc

Update

d

dW

Wc+1 = Wc − tc∇L

Update



#1717/56

Gradient

Wc

𝟏

𝟐𝒕
𝑾 −𝑾𝟎

𝟐
+ 𝜵𝑳𝑻 𝑾−𝑾𝟎 + 𝑳(𝑾𝟎)

𝒕 = 𝟎. 𝟏 𝒕 = 𝟏 𝒕 = 𝟏𝟎

Wc+1 = Wc − tc∇L

Learning rate
Step size
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Move as much as Stepsize

Wc+1 = Wc − tc∇L

Gradient Descent

Gradient
Want to learn more?

Towards a lower Loss than the present
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Stochastic
Want to learn more?

min
W

1

m
෍

i=1

m

𝐿𝑖(W)

Wc+1 = Wc − tc
1

m
෍

i=1

m

∇𝐿𝑖 W𝑐

❖ Consider minimizing an average of functions
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Stochastic

1

|𝐼𝑐|
෍

i∈𝐼𝑐

∇𝐿𝑖 W𝑐

≈

1

m
෍

i=1

m

∇𝐿𝑖 W𝑐 ∇𝐿𝑖𝑐 W𝑐

All one Partial

≈
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Stochastic

1

|𝐼𝑐|
෍

i∈𝐼𝑐

∇𝐿𝑖 W𝑐

≈

1

m
෍

i=1

m

∇𝐿𝑖 W𝑐 ∇𝐿𝑖𝑐 W𝑐

All one Partial

≈

Stochastic GradientFull Gradient
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Stochastic

Source : https://suniljangirblog.wordpress.com/2018/12/13/variants-of-gradient-descent/

≈ ≈

1

|𝐼𝑐|
෍

i∈𝐼𝑐

∇𝐿𝑖 W𝑐∇𝐿𝑖𝑐 W𝑐

1

m
෍

i=1

m

∇𝐿𝑖 W𝑐
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Stochastic

≈ ≈

1

|𝐼𝑐|
෍

i∈𝐼𝑐

∇𝐿𝑖 W𝑐∇𝐿𝑖𝑐 W𝑐

1

m
෍

i=1

m

∇𝐿𝑖 W𝑐

𝑐𝑜𝑠𝑡

𝐿
𝑜
𝑠𝑠

Batch 
gradient 
descent

Stochastic 
gradient 
descent

Mini-batch 
gradient 
descent
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Momentum
Want to learn more?

Wc+1 = Wc − tc
1

|𝐼𝑐|
෍

i∈𝐼𝑐

∇𝐿𝑖 W𝑐

Mini-batch gradient descent

Wc+1 = Wc −𝐻𝐿∇L

Greedy Layer-Wise Training Second-order Optimization

Hessian
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Momentum

SUTSKEVER, Ilya, et al. On the importance of initialization and momentum in deep learning. 
In: International conference on machine learning. 2013. p. 1139-1147.

Wc+1 = Wc + 𝑣𝑐

𝑣𝑐 = 𝜇𝑣𝑐−1 − tc∇𝐿

Momentum
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Momentum

SUTSKEVER, Ilya, et al. On the importance of initialization and momentum in deep learning. 
In: International conference on machine learning. 2013. p. 1139-1147.

Saddle point

Local minimum

Wc+1 = Wc + 𝑣𝑐

𝑣𝑐 = 𝜇𝑣𝑐−1 − tc∇𝐿

Momentum
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𝑣n,𝑐−1

𝑣𝑐 = 𝜇𝑣c−1 − tc∇L(Wc)

Adaptive
Want to learn more?

𝑣1,𝑐
𝑣2,𝑐
𝑣3,𝑐

𝑣n,𝑐

∇1𝐿(W1,c)

∇2𝐿(W2,c)
∇3𝐿(W3,c)

∇𝑛𝐿(W𝑛,c)

= tc

𝑣1,𝑐−1
𝑣2,𝑐−1
𝑣3,𝑐−1𝜇

𝑛 𝑏𝑦 1

𝒏: # parameters

𝑛 𝑏𝑦 1 𝑛 𝑏𝑦 1
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𝑣n,𝑐−1

𝑣𝑐 = 𝜇𝑣c−1 − tc∇L(Wc)

Adaptive
Want to learn more?

𝑣1,𝑐
𝑣2,𝑐
𝑣3,𝑐

𝑣n,𝑐

tc∇1𝐿(W1,c)

tc∇2𝐿(W2,c)
tc∇3𝐿(W3,c)

tc∇𝑛𝐿(W𝑛,c)

=

𝑣1,𝑐−1
𝑣2,𝑐−1
𝑣3,𝑐−1𝜇

𝑛 𝑏𝑦 1

𝒏: # parameters

𝑛 𝑏𝑦 1 𝑛 𝑏𝑦 1

Global stepsize
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𝑣n,𝑐−1

𝑣𝑐 = 𝜇𝑣c−1 − tc∇L(Wc)

Adaptive
Want to learn more?

𝑣1,𝑐
𝑣2,𝑐
𝑣3,𝑐

𝑣n,𝑐

෦t1,c∇1𝐿(W1,c)

෦t2,c∇2𝐿(W2,c)
෦t3,c∇3𝐿(W3,c)

෦tn,c∇𝑛𝐿(W𝑛,c)

=

𝑣1,𝑐−1
𝑣2,𝑐−1
𝑣3,𝑐−1𝜇

𝑛 𝑏𝑦 1

𝒏: # parameters

𝑛 𝑏𝑦 1 𝑛 𝑏𝑦 1

To have its own dynamic stepsize
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Adaptive

W1

W2

①

①
3

1

32

12

9

1

^2

−2

1

(−2)2

12
②

②

^2

1

1

12

12
③

^2

13

2

14

3

③
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Adaptive

W1

W2

①

①
3

1

32

12

9

1

^2

−2

1

(−2)2

12
②

②

^2

1

1

12

12
③

^2

13

2

14

3

③

14 = Total distance traveled by 𝑊1

3 = Total distance traveled by 𝑊2

𝑾𝟏 stepsize ↓

𝑾𝟐 stepsize ↑



#3232/56

• Let large gradients have small step size

• Let small gradients have large step size

Adaptive

෍

q=1

c

{∇kL(Wk,q )}
2 ∝

1

෦𝑡𝑘,𝑐

Adaptive stepsize
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❖ ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION

• 2015 International Conference on Learning Representations(ICLR)

• OpenAI, University of Toronto

• September 22, 2020 : 53545 citation

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
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𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
Want to learn more?

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡

• High-dimensional parameter

• Little memory requirement

• Naturally step size annealing

• Invariant to re-scaling of gradient
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𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION

𝑚𝑡−1

𝑔𝑡

𝑚𝑡

gradient

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

Gradient with momentum

𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡
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𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION

𝑚𝑡−1

𝑚𝑡

gradient

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

Gradient with momentum

𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡

𝛽1 = 1

𝛽1 = 0

𝑔𝑡
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ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION

𝑚𝑡−1

𝑔𝑡

𝑚𝑡

𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡

ෞ𝑚𝑡 ←
𝑚𝑡

1 − 𝛽1
𝑡 , 𝛽1 ∈ [0,1)

𝑚0 ← 0

ෞ𝑚𝑡
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𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
Want to learn more?

෍

𝑞=1

𝑐

∇𝑘𝐿 𝑊𝑘,𝑞
2

∝
1

𝑠𝑡𝑒𝑝𝑠𝑖𝑧𝑒

• Accumulated sum(gt
2) continues to grow.

• stepsize will become infinitesimally small.

• Decaying the squared gradients

𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡
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𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
Want to learn more?

ෝ𝑣𝑡 ←
𝑣𝑡

1 − 𝛽2
𝑡 , 𝛽2 ∈ [0,1)

𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡
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𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Gradient and Momentum

ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
Want to learn more?

Adaptive

Stochastic

𝑔𝑡 ← ∇𝜃𝑓𝑡 𝜃𝑡−1

𝜃𝑡 ← 𝜃𝑡−1 − ෞ𝑚𝑡𝛼/( ෝ𝑣𝑡 + 𝜖)

Require ∶ 𝛼: Stepsize

Require ∶ 𝛽1, 𝛽2 ∈ [0,1)

Require ∶ f 𝜃 : Loss function

Require ∶ 𝜃0 Initial parameter vector

m0, v0, t0 ← 0,0,0

while 𝜃t not converge do

end while

return 𝜃t

t ← t + 1

𝑣𝑡 ← 𝛽2𝑣𝑡−1 + 1 − 𝛽2 𝑔𝑡
2

𝑚𝑡 ← 𝛽1𝑚𝑡−1 + 1 − 𝛽1 𝑔𝑡

ෝ𝑣t ←
𝑣𝑡

1 − 𝛽2
𝑡

ෞmt ←
mt

1 − 𝛽1
𝑡
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ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
Want to learn more?
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ADAM: A METHOD FOR STOCHASTIC OPTIMIZATION
Want to learn more?
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

❖ Lookahead Optimizer: 𝑘 steps forward, 1 step back

• 2019 Neural Information Processing Systems(NeurIPS)

• Michael R. Zhang, James Lucas, Geoffrey E Hinton, Jimmy Ba

• September 22, 2020 : 83 citation
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Lookahead Optimizer: 𝑘 steps forward, 1 step back

k steps forward, 1 step back
(ex. k = 5)

Adam or SGD
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Lookahead Optimizer: 𝑘 steps forward, 1 step back

k steps forward, 1 step back
(ex. k = 5)

Adam or SGD
interpolation
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Lookahead Optimizer: 𝑘 steps forward, 1 step back

k steps forward, 1 step back
(ex. k = 5)

Adam or SGD
interpolation
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Lookahead Optimizer: 𝑘 steps forward, 1 step back

k steps forward, 1 step back
(ex. k = 5)

Adam or SGD
interpolation
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

Local minimum
in high curvature

❖ SGD or Adam
→ It is difficult to escape local minima in high curvature directions.
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k steps forward, 1 step back

Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

Local minimum
in high curvature

• SGD or Adam
• Large stepsize
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

Local minimum
in high curvature

• Smooth out the oscillations
• Variance reduction

k steps forward, 1 step back

• SGD or Adam
• Large stepsize
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

𝜃𝑡,𝑖 ← 𝜃𝑡,𝑖−1 + 𝐴(𝐿, 𝜃𝑡,𝑖−1, 𝑑)

Require ∶ Initial parameter 𝜙0, Loss function L

Require ∶ Synchronization period k,

slow eights step size 𝛼, optimizer A

return 𝑝𝑎𝑟𝑎𝑚𝑡𝑒𝑟𝑠𝜙

for t = 1,2,… do

Synchronize parameters 𝜃t,0 ← 𝜙t−1

sample minibatch of data d ~𝒟

for i = 1,2,… , k do

𝑒𝑛𝑑 𝑓𝑜𝑟

𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝑜𝑢𝑡𝑒𝑟 𝑢𝑝𝑑𝑎𝑡𝑒 𝜙𝑡 ← 𝜙𝑡−1 + 𝛼(𝜃𝑡,𝑘 − 𝜙𝑡−1)

𝑒𝑛𝑑 𝑓𝑜𝑟
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

𝜃𝑡,𝑖 ← 𝜃𝑡,𝑖−1 + 𝐴(𝐿, 𝜃𝑡,𝑖−1, 𝑑)

Require ∶ Initial parameter 𝜙0, Loss function L

Require ∶ Synchronization period k,

slow eights step size 𝛼, optimizer A

return 𝑝𝑎𝑟𝑎𝑚𝑡𝑒𝑟𝑠𝜙

for t = 1,2,… do

Synchronize parameters 𝜃t,0 ← 𝜙t−1

sample minibatch of data d ~𝒟

for i = 1,2,… , k do

𝑒𝑛𝑑 𝑓𝑜𝑟

𝑃𝑒𝑟𝑓𝑜𝑟𝑚 𝑜𝑢𝑡𝑒𝑟 𝑢𝑝𝑑𝑎𝑡𝑒 𝜙𝑡 ← 𝜙𝑡−1 + 𝛼(𝜃𝑡,𝑘 − 𝜙𝑡−1)

𝑒𝑛𝑑 𝑓𝑜𝑟

Fast weight

Slow weight
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

Transformer
(English to German)

ResNet-18
(CIFAR-10)

𝛼 = 0.8, 𝑘 = 5 𝛼 = 0.5, 𝑘 = 10
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

ResNet-50
(ImageNet)

LSTM
(Penn Treebank)

𝛼 = 0.5, 𝑘 = 5 𝛼 = 0.5, 𝑘 = 5
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Lookahead Optimizer: 𝑘 steps forward, 1 step back
Want to learn more?

ResNet-18
(CIFAR-10)

• Test Accuracy

• 𝛼, 𝐾 Robust
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Conclusion

~ Current Current ~

• Noise reduction

• Variance reduction

Wc+1 = Wc −𝐻𝐿∇L

Second-order Optimization

Hessian
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